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E-mail address: shodja@sharif.edu (H.M. Shodja).Propagation of P-wave in an unbounded elastic polymer medium which contains a set of nested concen-
tric spherical piezoelectric inhomogeneities is formulated. The polymer matrix is made of Epoxy and is
isotropic; each phase of the inhomogeneity is made of a different piezoelectric material and is radially
polarized and has spherical isotropy. Note that the individual phases are homogeneous, and all interfaces
are perfectly bonded. The scattered displacement and electric potentials in the matrix are expressed in
terms of spherical wave vector functions and Legendre functions, respectively. The transmitted displace-
ment and electric potentials within each phase of the piezoelectric particle are expressed in terms of
Legendre functions. The equations of motion and electrostatics in each phase of the piezoelectric inhomo-
geneity lead to a system of coupled second order differential equations, which is solved using the general-
ized Frobenius series. The present theory is extended to the case where the core of the inhomogeneity is
made of PZT-4 and its coating is made of functionally graded piezoelectric material (FGPM) whose micro-
structural composition varies smoothly from PZT-4 at the core–coating interface to Epoxy at the coating–
matrix interface. The effects of different types of variation in the electro-mechanical properties of FGPM
on scattering cross-section and other electro-mechanical ﬁelds are addressed. The present theory is valid
for arbitrary coating thickness, and arbitrary frequencies.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Application of coating to the reinforcements of composites can
serve to improve a number of desired properties such as strength,
reduction of residual stresses, and electrical conductivity. For this
reason, ample attentions have been given to the study of such com-
posites during the past two decades. Insertion of a coating layer
made of functionally graded material (FGM) between the rein-
forcement and the matrix aids to eliminate the problem of material
discontinuities at the core–coating and coating–matrix interfaces.
The concept of having such a transition zone is to vary the compo-
sition of the coating layer continuously from the core surface to the
surface between the coating and matrix. FGMs are highly heteroge-
neous and have wide range of applications; for example they are
implemented for embedding sensors, improving wear resistance,
and joining dissimilar materials. The performance of sensors and
actuators made with a combination of a polymer matrix andll rights reserved.
e and Nanotechnology, Sharif
ran, Iran. Tel.: + 98 21 6600piezoceramic particles is much better than when they are made
of homogeneous piezoelectric materials. Moreover, such devices
fabricated by the ﬁrst approach have much smaller electro-
mechanical losses. As far as propagation of waves in an elastic
medium containing an elastic inhomogeneity is concerned, partic-
ularly for isotropic matrix and inhomogeneity, many contributions
are available, Barrat and Collins (1965), Eringen and Suhubi (1975),
Olsson et al. (1990), Paskaramoorthy et al. (1988), Shindo et al.
(1995), Sato and Shindo (2003), and Mura et al. (1996). On the
other hand few investigators have studied wave propagation in a
piezoelectric medium, Shindo and Togawa (1999), Levin (1999),
Levin et al. (2002), Chen and Shen (2007), Du et al. (2004), Mao
and Wang (2005), and Kamali and Shodja (2006). Shindo and Tog-
awa (1999) considered multiple scattering of antiplane shear
waves in a piezoelectric ﬁbrous composite medium with sliding ﬁ-
ber–matrix interface. Levin (1999) studied elastic waves propaga-
tion in composites with piezoelectric ﬁbers. Levin et al. (2002)
addressed propagation of electroacoustic waves in composites con-
sisting of a transversely isotropic piezoelectric medium and ran-
domly distributed cylindrical reinforcements. Chen and Shen
(2007) extended the work of Levin et al. (2002) to composites in
which the matrix and ﬁber are made of magneto-electro-elastic
materials. These authors, ﬁrst solved the problem associated with
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ated with multiple ﬁbers by employing the effective ﬁeld approach.
Du et al. (2004) examined the scattering of antiplane shear waves
by a cylindrical inhomogeneity in a magneto-electro-elastic matrix
with partial debonding. Mao andWang (2005) considered the scat-
tering of electro-elastic waves by an ellipsoidal inhomogeneity
embedded in a piezoelectric body. Kamali and Shodja (2006) stud-
ied propagation of P-wave in an elastic isotropic medium contain-
ing a spherical piezoelectric inhomogeneity with spherical
isotropy. They examined the effects of different types of piezoelec-
tric inhomogeneities, PZT-4, PZT-5H, and BaTiO3 on the electro-
mechanical ﬁelds, differential and total scattering cross-sections.
The current work is devoted to the analytical solution of prop-
agation of P-waves in elastic isotropic solids containing a multi-
phase piezoelectric inhomogeneity with spherical isotropy. The
inhomogeneity consists of a core, and either multiple coatings with
distinct interfaces or a coating made of functionally graded piezo-
electric material (FGPM). The coating thickness and frequency are
arbitrary. In the FGP coating the electro-mechanical constants vary
continuously from the core surface to the coating–matrix interface.
The purpose of this study is to examine the effects of coatings
made of different FGPM (different variation of electro-mechanical
constants) on total scattering cross-section, stress ﬁeld, and elec-
tric displacement ﬁeld along the core–FGPM–matrix interfaces
and within the FGPM zone.2. Problem deﬁnition and fundamental equations
Suppose a spherical piezoelectric particle, X0 with radius a0 is
surrounded by a number of concentric coating layers, made of dif-
ferent types of piezoelectric materials. This spherical assembly is in
turn embedded inside an unbounded elastic polymer matrix, R as
shown in Fig. 1. The bonding between the phases is assumed to be
perfect. The origin of the Cartesian (x,y,z) and spherical (h,u,r)
coordinate systems coincides with the center of the sphere, X0.
The polymer matrix is isotropic. Each phase of the piezoelectric
inhomogeneity is spherically isotropic, and at each point the poll-
ing direction is radially oriented. It is assumed that the piezoelec-
tric inhomogeneity consists of N + 1 homogeneous regions ordered
as X0,X1 ,. . . ,XN. The thickness of the mth layer is denoted by
hm = am  am1 where am and am1 are the inner and outer radii
of the mth layer, respectively. The constitutive relations pertinent
to the core and surrounding layers with radial polarization may
be expressed as:in Xm; m ¼ 0;1;2; . . . ;N;
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; ð1Þin which Cij, eij, kij are respectively, the elastic, piezoelectric, and
dielectric constants for region Xm. Throughout this work, the
superscript ‘‘m” within parentheses over a quantity indicates thatthe quantity is pertinent to the region X0. The constitutive rela-
tions for the elastic polymer matrix may be written as:
rij ¼ 2leij þ kekkdij
Di ¼ kEi;
in R; i; j ¼ h;/; r; ð2Þ
where k and l are Lame’ constants and k is the dielectric constant
for the matrix. In Eqs. (1) and (2), r, e, D, E denote the stress, strain,
electric displacement, and electric ﬁelds, respectively.
The strain–displacement and electric ﬁeld-electric potential
relations in spherical coordinates are as follows:
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In the absence of body forces the complete equations of motion
pertinent to piezoelectric media are:
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where q is the mass density and t denotes time.
Consider an incident harmonic plane wave (P) with angular fre-
quency x propagating along the positive z-axis:
uIðx; tÞ ¼ w0eiðKpzxtÞez; ð8Þwhere w0 is the amplitude of the wave, ez is the unit vector along
z-axis and the superscript ‘‘I ” indicates incident wave. Kp is the
compressive wave number and is given by
Fig. 1. A mult-iphase spherical piezoelectric inhomogeneity embedded in an
inﬁnite elastic polymer matrix subjected to incident P-waves.
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in which Cp is the velocity of the compressive wave in the matrix.
Once the wave arrives the multi-phase spherical obstacle, there will
form a reﬂected (scattered) wave, Us(x, t) which propagates toward
the matrix, and a transmitted wave, U(m)(x,t), m = 0,1, . . . ,N which
enters the mth-phase of the piezoelectric particle. The transmitted
wave through mth layer, Xm is U(m)(x, t), m = 1,2, . . . ,N. Note that
U(x, t) denotes the generalized displacement ﬁeld, since it contains
electric potential in addition to the displacement components
(Shodja and Kamali, 2003). With due attention to the fact that the
incident wave is harmonic, the transmitted and scattered ﬁelds will
also be harmonic, and subsequently eixt will drop out of the for-
mulations. The total ﬁeld inside the matrix is sum of the incident
and scattered ﬁelds. For the problem under consideration all the
interfaces are perfectly bonded, and so the generalized displace-
ment ﬁeld U and the generalized traction T across the interfaces be-
tween the neighbor domains must be continuous:
at r ¼ am; m ¼ 0;1;2; . . . ;N  1; UðmÞ ¼ Uðmþ1Þ; TðmÞ ¼ Tðmþ1Þ;
at r ¼ aN ; Us þ UI ¼ UðNÞ; Ts þ TI ¼ TðNÞ:
ð10Þ
In addition to the above conditions, the regularity condition,
lim
r!1
Us ¼ 0 must also be satisﬁed.
The present work is concerned with propagating P-waves along
the z-direction. Due to axisymmetry of the problem with respect to
the z-axis uu = 0 and @@u ¼ 0, where ‘‘h ” represents an electro-
mechanical quantity. Considering the radiation condition, the
expressions for the scattered displacement ﬁeld and electric poten-
tial are obtained.
ush ¼
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n¼1
1
r
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 
;
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 
;
Us ¼
Xn¼1
n¼0
½rðnþ1ÞPnðcos hÞCn;
ð11Þwhere Ks is the shear wave number in the matrix and An, Cn = 0,1, . . .
and Bn, n = 1,2, . . . are the unknown coefﬁcients. hn is the nth order
spherical Hankel function of the ﬁrst kind, and Pn is the Legendre
function.
3. Displacement ﬁeld and electric potential in the core and shell
regions of the piezoelectric inhomogeneity
The displacement potentials G(r,h) andW(r,h) are introduced in
such a way that
uh ¼  @G
@h
; ur ¼W: ð12Þ
Express G, W, and U as followings:
GðmÞðr; hÞ ¼ P1
n¼1
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ðmÞ
33
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P1
n¼0
UðmÞn ðrÞPnðcos hÞ;
in Xm; m ¼ 0;1;2; . . . ;N:
ð13Þ
Due to symmetry of the problem Eq. (4) is automatically satisﬁed,
and hence in view of Eqs. (1), (3)–(7), (12), (13) a coupled system
of linear second order differential equations is obtained:
r2XðmÞ00n þ rQ ðmÞ1 XðmÞ0n þ ðQ ðmÞ2 þ r2Q ðmÞ3 ÞXðmÞn ¼ 0; m
¼ 0;1;2; . . . ;N; n ¼ 1;2; . . . ; ð14Þ
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The case of n = 0 will be treated separately, later in this section. By
making a change of variable rXðmÞ0n ¼ YðmÞn , Eq. (14) is transformed to
rXðmÞ
0
n  YðmÞn ¼ 0;
rYðmÞ
0
n þ ðQ ðmÞ1  IÞYðmÞn þ ðQ ðmÞ2 þ r2Q ðmÞ3 ÞXðmÞn ¼ 0;
(
ð17Þ
or in short,
rZðmÞ0n ¼ PðmÞZðmÞn ; ð18Þ
in which,ZðmÞn ¼
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: ð19ÞSince P(m) is analytic at r = 0, the solution of Eq. (18) becomes
(Coddington and Levinson, 1955).
ZðmÞn ðrÞ ¼
X6
j¼1
X1
i¼0
HjðmÞn F
jðmÞ
i r
kðmÞ
j
þi
; in Xm;m ¼ 1;2; . . . ;N; n ¼ 1;2; . . .
FjðmÞi ¼ ðkðmÞj þ iÞI PðmÞ0
h i1
PðmÞ2 F
jðmÞ
i2 ; j ¼ 1;2; . . . ;6; i ¼ 2;4; . . .
ð20Þ
In the above expressions kðmÞj and F
jðmÞ
0 ; j ¼ 1;2; . . . ;6 are the jth
eigenvalue and eigenvector of PðmÞ0 , respectively and H
jðmÞ
n is theunknown coefﬁcient. From the second of Eq. (20) it is obvious that,
the invertibility of ðkðmÞj þ iÞI PðmÞ0
h i
requires kðmÞk  kðmÞj – i;
i ¼ 2;4; . . ., and k, j = 1,2,3, . . . ,6. Moreover in the current problem
the eigenvalues of PðmÞ0 are distinct. So under the above-mentioned
conditions a complete solution of the problem can be obtained.
Aside from the present physical model, the general solution of Eq.
(18) may be found in books on ordinary differential equations;
see, for example, Coddington and Levinson (1955). Once FjðmÞ0 is
known, then FjðmÞi ; i ¼ 2;4; . . . are obtained from the second of Eq.
(20). At r = 0 inside the core region, X0 the displacement ﬁeld must
be bounded. Thus, select those kð0Þ0j s for which Reðkð0Þj ÞP 0; subse-
quently solution of Eq. (18) is written as:
Zð0Þn ðrÞ ¼
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ð21Þ
where kð0Þj and F
jð0Þ
0 ; j ¼ 1;2;3 are respectively, the jth eigenvalue
and eigenvector of the matrix Pð0Þ0 , and H
jð0Þ
n is the unknown coefﬁ-
cient. The above solution is for nP 1. For the case of n = 0,
W ðmÞ0 ðrÞ and UðmÞ0 ðrÞ need to be determined. To this end, Eq. (18) is
written asrZðmÞ00 ¼ RðmÞZðmÞ0 ; ZðmÞ0 ¼
XðmÞ0
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" #
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RðmÞ2 F
jðmÞ
i2 ;
j ¼ 1;2; . . . ;4; i ¼ 2;4; . . . ð23Þ
Zð0Þ0 ðrÞ ¼
X2
j¼1
X1
i¼0H
jð0Þ
n F
jð0Þ
i r
kð0Þ
j
þi
; in X0; n ¼ 0;
Fjð0Þi ¼ ðkð0Þj þ iÞI Rð0Þ0
h i1
Rð0Þ2 F
jð0Þ
i2; Reðkð0Þj ÞP 0;
j ¼ 1;2; i ¼ 2;4; . . . ð24Þ
where kðmÞj and F
jðmÞ
0 ; j ¼ 1;2;3;4; m ¼ 1;2; . . . ;N are respectively,
the jth eigenvalue and eigenvector of matrix RðmÞ0 . k
ð0Þ
j and
Fjð0Þ0 ; j ¼ 1;2with Reðkð0Þj ÞP 0 are the jth eigenvalue and eigenvector
of matrix Rð0Þ0 , respectively. H
jð0Þ
0 ; j ¼ 1;2 and HjðmÞ0 ; j ¼ 1;2;3;4;
m ¼ 1;2; . . . ;N are the unknown coefﬁcients. The cases n = 0 and
nP 1 lead to 4(N + 1) and 6(N + 1) linear algebraic equations,
respectively.
The scattered displacement ﬁeld and electric potential in the
matrix, as r?1 have the following forms, Kamali and Shodja
(2006).
usr 
eiKPr
r
X1
n¼0
ðiÞnAnPnðcos hÞ; ð25Þ
ush 
eiKSr
r
X1
n¼1
ðiÞnBn @
@h
Pnðcos hÞ; ð26Þ
Us  C0
r
: ð27Þ
The scattering cross-section only depends on the scattered elastic
ﬁeld in the matrix (Kamali and Shodja, 2006) as in the following
expression
Rp ¼ 4pKp Im
X1
n¼0
ðiÞnAn
" #
: ð28Þ6.68
6.7
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N
Fig. 2. Convergence of total scattering cross-section in terms of N for case II.
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Fig. 3. Effect of FGP coating and ratio of the mass densities, qX0=qR on distribution
of total scattering cross-section in terms of normalized frequency, b.4. Results and discussion
In order to examine the effects of FGP coating on the scattering
cross-section and other electro-mechanical ﬁeld quantities, con-
sider three different conﬁgurations in which the matrix is Epoxy
and the core of the piezoelectric inhomogeneity is made of PZT-
4. The properties for the core PZT-4 are:
C11 ¼139GPa; C12¼77:8GPa; C13¼74:3GPa; C33¼115GPa;
C44 ¼25:6GPa; e31 ¼5:2C=m2; e33 ¼15:1C=m2; e15 ¼12:7C=m2;
k11¼64:641010 F=m; k33¼53:221010 F=m; q¼7500kg=m3;
ð29Þ
and for the Epoxy matrix:
k ¼ 4:916 GPa; l ¼ 1:731 GPa; k ¼ :38 1010 F=m;
q ¼ 1202 kg=m3:
ð30Þ
Three distinct conﬁgurations are obtained by inserting, in each con-
ﬁguration, an FGP coating with certain electro-mechanical proper-
ties:
Case I:
aðrÞ ¼ a
p þ am
2
; a0  r  a0 þ h; ð31Þ
Case II:
aðrÞ ¼ ap þ ðam  apÞ ðr  a0Þ
h
; a0  r  a0 þ h; ð32ÞCase III:
aðrÞ ¼ ða
m þ apÞ
2
þ 4ðam  apÞ r  ða0 þ h=2Þ
h
 3
; a0  r  a0 þ h;
ð33Þ
where ap and am with a  C, e, k, q denote the electro-mechanical
properties of the inhomogeneity and matrix, respectively. h is the
thickness of the coating. In case I, the coating layer is homogeneous
and so all the properties are uniform. In cases II and III the coating is
inhomogeneous and is characterized as FGPM since the electro-
mechanical properties vary continuously from the core surface to
the coating–matrix interface. This variation is linear in case II and
cubic in case III. It should be emphasized that the variation is radial.
Also note that the present formulation is for homogeneous multi-
coatings. Thus for cases II and III it is possible to obtain approximate
solution with a desirable accuracy by dividing the FGP coating into
N thin layers such that the value of the electro-mechanical proper-
ties at the midpoint of each thin layer can be used as a reasonable
estimate of its electro-mechanical properties.
For the purpose of presenting the results the following normal-
izations are introduced. The total scattering cross-section is nor-
malized by square of the core radius as Rp=a20, thickness of the
coating layer is normalized by the core radius as h/a0. The non-
dimensional frequency is deﬁned by b = a0x/Cs, where Cs is the
shear velocity in the matrix. The normalized stress, rij and
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Fig. 4. Effect of coating thickness on total scattering cross-section when b = 2.
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Fig. 5. Effect of piezoelectric properties on distribution of total scattering cross-
section in terms of coating thickness for case III.
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Fig. 6. Variations of stress rrr with h along matrix–coating–ﬁber interfaces.
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Fig. 7. Variations of stress rrh with h along matrix–coating–ﬁber interfaces.
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Fig. 8. Variations of stress rhh with h along matrix–coating–ﬁber interfaces.
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and Di ¼ jðDiCp44Þ=ðep33rIzzÞj, where rIzz is the stress due to the inci-
dent wave in the matrix.
Fig. 2 is the plot of normalized total scattering cross-section vs.
N for h/a0 = 0.1 and b = 2. It is seen that for NP 20 the result is
accurate within three decimal places (Rp=a20 ¼ 6:698Þ, and thus
the calculations have been carried out using N = 20 layers. Fig. 3
compares the normalized total scattering cross-section for the
inhomogeneity with and without coating vs. b; the result pertinent
to the coated inhomogeneity corresponds to case III, for which var-
iation of material properties within the coating layer is cubic, and
h/a0 = 0.1. In This ﬁgure qX0 and qR denote the mass densities of
the core of the piezoelectric particle and matrix, respectively. For
the shown frequency b 6 4 comparison of the data pertinent toqX0=qR ¼ 5:95 reveals that, insertion of the coating layer causes
the total scattering cross-section to increase with increasing fre-
quency. From comparison of the data corresponding to
qX0=qR ¼ 1:25 and 1:95, it can be seen that the variation of total
scattering cross-section as well as the location of its local maxi-
mum and minimum in terms of the non-dimensional frequency,
b is greatly inﬂuenced by the ratio of the mass density of the core
of the inhomogeneity to that of the matrix. Interestingly, if qX0 and
qR vary in such away that qX0=qqR remains constant, then the
β=1
h/a0=0.1
θ=π/2
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Fig. 11. Distribution of stress rrr within the coating and its neighborhood in terms
of r/a0 along h = p/2.
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dimensional frequency will remain unaffected, provided that all
other material properties are held ﬁxed. For cases I, II, and III,
Fig. 4 examines the effect of coating layer thickness on the total
scattering cross-section for b = 2. The total scattering cross-section
increases approximately linearly with thickness for all cases I, II,
and III. The rate of increase in scattering cross-section pertinent
to case I is larger than those of cases II and III; while the difference
between results of cases II and III is insigniﬁcant, the difference be-
tween the results for case I and those for cases II and III increases
with the coating thickness. For case III and b = 1, Fig. 5 displays the
piezoelectric effect of the core and coating of the inhomogeneity on
the total scattering cross-section as a function of coating thickness.
In Fig. 5, the two sets of data are distinguished by the notations
PZT4 and PZT4(E). The notation PZT4 implies that the core of the
inhomogeneity is made of PZT4, whereas PZT4(E) refers to purely
elastic core whose elastic properties are the same as those of
PZT4. The variation of material properties within the coating re-
gion for both cases follow the variation given in case III. It is ob-
served that for b = 1 the piezoelectric effect leads to decrease of
total scattering cross-section; amount of decrease is nearly con-
stant and independent of coating thickness. The piezoelectric effect
depends on frequency b (Kamali and Shodja, 2006).
For cases I, II, and III the distributions of stress components
rrr; rrh; rhh, and ruu along the core–coating and coating–matrix
interfaces for b = 1 and h/a0 = 0.1 are shown in Figs. 6–9. It is
observed that the effect of variation of the electro-mechanicalβ=1
h/a0=0.1
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Fig. 9. Variations of stress r// with h along matrix–coating–ﬁber interfaces.
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Fig. 14. Distribution of stress r// within the coating and its neighborhood in terms
of r/a0 along h = p/2.
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small. For cases I, II and III, b = 1 and h/a0 = 0.1, the distribution
of the electric displacement component Dr along the core–coating
interface is displayed in Fig. 10. Figs. 11–14 depict the distributions
of the stress components rrr ; rrh; rhh, and ruu in terms of r/a0
along h = p/2 within the coating zone with h/a0 = 0.1. These ﬁgures
which are obtained for b = 1 examine coatings made of FGPM de-
ﬁned as cases I, II, and III. It is noticed that the stress ﬁeld in the
core of the inhomogeneity and in the matrix remain nearly the
same for all cases I, II, and III. The distributions of non-traction
components of stress ﬁeld, rhh and ruu within the coating are sim-
ilar to the form of variation of material properties. It is evident that
the values of rhh and ruu are strongly inﬂuenced by the electro-
mechanical properties of the FGP coating layer.
5. Conclusion
Scattering of harmonic plane P-waves by a spherical piezoelec-
tric multi-inhomogeneity which is embedded in an inﬁnitely
extended elastic polymer matrix is considered. The multi-inhomo-
geneity consists of a piezoelectric core and multiple coatings made
of different FGPMs. Eigenfunction expansion of displacement and
electric potentials in the matrix and within all phases of the spher-
ical obstacle is considered. In the piezoelectric regions the exact
solution of the governing equations are obtained using generalized
Frobenius series. This approach does not impose any limitations on
the range of frequency and thickness of the coating layers. The
ratio of the mass density of the core of the piezoelectric particle
to that of the matrix has a remarkable effect on the total scattering
cross-section. For a given qX0=qR the local maximum and mini-
mum of total scattering cross-section occur for certain non-dimen-
sional frequencies. The normalized total scattering cross-section
depends on the non-dimensional frequency, b =xa0/CS = 2pa0/kS.As a result, for a given material and ﬁxed h/a0, the normalized total
scattering cross-section depends on the product of frequency, x
and size of the core of the piezoelectric multi-phase particle;
equivalently, the normalized total scattering cross-section depends
upon the ratio of the size of the core of the particle to the shear
wave length. Since the normalized total scattering cross-section
is R=a20, it is noted that if x and a0 are multiplied by factors 1/f
and f so that b =xa0/CS remains constant, then scattering cross-
section after incorporation factors is f2R. Variations of the proper-
ties of FGPM coatings have little effect on such traction stresses as
rrr and rhh in the coating, but signiﬁcantly inﬂuence the variation
of the non-traction stresses like ruu and rhh within the coating;
the form of variation of such non-traction stresses as ruu and rhh
in the coating is similar to the variation of the electro-mechanical
properties of the FGPM coating.Acknowledgements
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